Introduction
The usual theory of water hammer which is used to compute the magnitude and velocity of pressure waves in a pipe filled with an elastic fluid was given by
Joukowsky [8] in 1898. This theory predicts that pressure waves travel without change of shape at a velocity oe:
In the derivation of this formula it is assumed that the pressure is uniform across any section of the pipe and that the deflection of the pipe is equal to the static deflection due to the instantaneous pressure in the fluid. The first assumption neglects, in effect, the inertial forces associated with radial motion of the fluid. The second neglects the mass of the pipe wall and the longitudinal and bending stresses in the pipe wall.
For the case of an infinite train of sinusoidal pressure waves in a tube filled with fluid, much work has been done without resorting to the above assumptions. In 1878 Korteweg [9] showed that the phase velocity of sinusoidal waves varies with the wave-length when the radial inertia of the fluid and the mass of the pipe wall are taken into account. Korteweg also gave the expression for ce, eq. (1) as an approximation of the phase velocity for long wave-lengths. The work of Korteweg was extended in 1898 by Lamb [10] who considered the pipe as an elastic membrane thus including the effect of longitudinal stresses in the pipe wall. Lamb showed there are two finite phase velocities as the wave length approaches infinity.
One of these is very close to Korteweg's result ce and the other is very nearly the velocity of sound in the material of the tube wall. Recent papers by Jacobi [6] and Thomson [1143 include the flexural stiffness of the pipe wall. The inclusion of the bending stresses affects the phase velocities appreciably only for very short wave-lengths.
r ' the r-,-r .
In the present paper water hammer waves are considered without some of the simplifications made in Lhe Joukowsky theory. The equations of motion for a thin cylindrical tube are used, cf. FlUgge (11], with one additional term for the effect of rotatory inertia. The fluid is assumed to be elastic and inviscid but no assumptions are made regarding its motion except that it is small.
Only the case where the velocity of sound in the material of the pipe wall in greater than in the fluid will be considered. Much of the analysis would be valid in the opposite case, but the relative speeds of the various waves would differ.
A Formal Solution by Integral Transforms
obiainecL in the form of a. do~te i+egral.
In this section a formal solution of a typical water hammer problem isA
The solution is reduced to terms of single real integrals whose evaluation is discussed in the next section.
The problem considered is to find the moticn of a thin cylindrical tube filled with fluid starting from given initial conditions. The conditions, shown in Fig. 1, are that for t -0:
The velocity v 0 is assumed to be related to the pressure po0 by:
This is the velocity that would exist behind a plane shock wave of pressure p 0 in an infinite body of fluid. Thus the initial conditions for the fluid correspond to a step shock wave moving in the positive direction. An external pressure equal to p 0 is assumed acting on the outside of the tube for z < 0 to prevent any motion of the tube at z --oo , This external pressure is assumed to remain on the tube for z < 0 for all t.
These initial conditions are intended to simulate the situation arising when a pipe leading from a re-servoir is filled with fluid at rest below reservoir pressure and a valve at the rpservoir end is suddenly opened. The part of the tube left of the origin in Fig. 1 is a convenient device for supplying fluid and energy in place of a reservoir. It is expected that the particular means of generating a water hammer wave will not essentially affect its characteristics when the wave has progressed far enough down the pipe.
The motion of the fluid will be described by a velocity potential which must satisfy the equation:
where the subscripts r and z denote derivatives.
The motion of the tube due to a radial force per unit area, q (z, t), is governed by two equations:
ae+ailed.
A derivation of these equations is given in [12] , They agree with the equations given by Flhgge [11] except thaot the rotatory inertia term Wzz has been added above.
The fact that the fluid and tube are expected to remain in contact is e np'esed by:
I =r
J.o.
The pressure exerted on the tube wall by the fluid in:
This is the value of q to be used for z ;, 0 in eq. (5). For z < O, the external pressure -p 0 must be added.
It is convenient to consider the solution of the problem as the sum of two parts:
The first part is the shock wave that would be produced by the initial conditions if the tube were rigid. The tube displacements w 1 , ul, for this part are zero. The velocity and pressure vl, pl, for the fluid are:
PI POj P I = 0
The second part is the response of the tube and fluid to a progressive load pressure ps equal to the pressure produced by the shock wave of the first part. This load pressure acts on the tube wall radially outward. Its magnitude is Po for 0 < z < ct and zero elsewhere.
Inasmuch as wl, ul, vl, etc. are known, the problem reduces to finding the the response w 2 . u 2 , V2, etc. of the tube and fluid to the load pressure ps" For this second part of the solution the system is initially at rest and the governing equations are (4), (5), (6), (7) with: 
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For any real this equation has an infinite number of roots rL n* These roots have an interesting physical significance. They are the circular frequencies of the modes of free vibration of the tube and fluid system having a wave-length XAlternatively the ratios -are the phase velocities c n of progressive sinusoidal waves of wave-length 2f. These facts may be developed by considering the governing equations (4), (5), (6) and (7) with q in eq. (5) equal to the fluid pressure only.
A solution is assumed of the form:
where the prime quantities are constants and f(r) is an unknown function of r.
Substituting eqs. (26) in eqs. (4), (5), (6) and ( The fact that two sets ofSt n curves pass through the origin in Fig. 2 shows that there are two modes which have finite phase velocities as the wave length approaches infinity and the frequency approaches zero. This was also shown by Lamb (10), p. 7.
It is mentioned here because in a recent paper [i1), p. 933, it is erroneously statshd that there is a cutoff frequency below which only one mode may be propagated.
The above discussion shows that the poles of the integrand of eq. (20) are at SL -0 and 11 -/l n, all on the r.al SL axis. The path of integration is below this axis and it will be closed in the usual manner by adding a semicircle of infinite radius in the upper half of the SI plane. The integral over the semicircle approaches zero as the radius approaches infinity. The contribution of the pole at -0 to w 2 is:
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The contributions of the nY poles to w. may be expressed as:
The sum indicated is over the -L n roots for each value of 
+C~_____ +(-+ +
The integral in eq. (29) covers all four quadrants of the siC. curves in Fig, 2,9 but it may be expressed as an integral over the first quadrant values only because D is even in a and even in and the -L n curves are symmetric about both ams.
Thus:
where the summation is over the .L. n curves in only the first quadrant of Fig. 2 . This concludes the frzral solution for w. The evaluation of the integrals remaining in 60q4 (27)and (31) will be considered in the next section.
instead of evaluatLi, u 2 and 2' certain quantities of interest which are derivatives of u 2 and 2 will be computed directly. These are:
Pressure in the fluid:
(32)
Axial velocity of the fluid:
Longitudinal strain in the tube; :b L Expressions for P 2 0 V 2 and uz2 are derived from the double integrals for u 2 and 4 2' eqs. (21) and (22), through application of eq. (15). The inner integral in S may be evaluated in each case by using Cauchy's residue theorem as in the case of w 2 .
The results are: In the formal solution indicated by eqs. (39) the integrations with respect to would be difficult to carry out in general because the IL n values are known as functions of t only through the transcendental equation (25). However, some information may be obtained by considering approximations of the integrals for large values of I Ind t. 
c) c
are bounded for all of the P_ n curves for all [ except for the lowest two curves, A,
and ft 20 at the point -0. The distinction between the lowest two and the remaining sL n curves arises because only the IL 1 and -a 2 curves pass through the origin. A physical interpretation of this fact is that only these two lowest modes have finite phase velocities as the wave-length increases indefinitely.
For the higher -n branches, n > 2, the integral (4i) may be approximated by The integrals over the SL 1 and SL 2 curves will be broken into two parts; one part from I =O to f = 6 and a second part from E to co where f-is aSMaI positive number. By the stationary phase theorem the portions from f to oo are again 0 ) Collecting these results, eq. (41) becomes:
JAL (-9.-fC J o Since E may be chosen indefinitely small, the functions in the integrand may be approximated by an appropriate number of terms of their expansions about 0 0.
Consider the first term of the integral with A' -XL which may be written:
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The denominator of the integrand approaches a constant time approaces zero. The constant is:
where: c--= Ly =Ur Dos,
The constant c is the phase velocity of the slowst waves for wavelengths approaching infinity. It is very close to the Joukowsk velocity e . An ejxmssion for c 1 is derived in the appendix.
In the numerator of eq. (43) S11 is replaced by the first two terms of its expansion about O 0:
,)I= (46)
This expansion is developed in the appendix. It is necessary to use two terms of the expansion because the first term alone would result in a vanishing numerator for the case c' n c 1 .
Using eqs. (44) and (46) zI= (C' -cI) t
The new coordinate 21 is the location of any point relative to an origin moving at velocity c 1 . In eq. (47) the upper limit has been changed from E to cv , The integral thus added is 0(-) by the stationary phase theorem, and is negligible in the present approximation. If the same reasoning that has been used to evaluate w I is applied to the remaining terms of eq. (42) (45) and (46) by changing all subscripts from 1 to 2 in these equations. The velocity c2 is very nearly the velocity of sound in the tube wall, co.
The term T is the deflection w, discussed above. The H 1 term is a wave of the same velocity and shape as wT but of smaller Alitude and traveling in the negative direction.
The H 2 and 12 terms are also waves of the same shape as wTO but traveling at the velocity c 2 . These precursor waves are found to be very smll compared to the main water haumer waves 13 H I which travel at velccity Cl.
The complete deflection w is the sum of wbO, eq. (52) and w 2 ., eq. (27)9 The deflection w2a is independent of time and its value for large values of Izi =a be approximated by the saw kind of reasoning as used for w~b for large values of t, vr _1, ,
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These equations lead to four wave fronts in each case as discussed for v.
Numerical results for a typical case of water in a thin steel tube are shown in Fig. 5 . In the present approximation for large t, the pressure and fluid velocity are again independent of r, i.e., they are constant across any section.
In order to estimate the length over which a given wave front extends, the slope w z will be computed at the points which move with constant velocity C I or 02.
The difference in w before and after a wave front divided by the slope at the wave front point will be indicative of the length of a wave front. In the seconi integral the integrand is also bounded, This integral may be approximated by the method of stationary phase. The dominant part of the integral will come from the vicinity of stationary phase points which are defined by:
L~e.
C,(58)
In general such points give a contribution which is 0 --), but if: Some numerical values of L, and L 2 are given in Table 1 . It may be noted that although the length of the wave front is long compared to the diameter of the pipe it is short compared to the distance from the origin that the wave has traveled.
The above computations of the lengths of wave fronts hold also for p. v and u because they are described by the same integralsk 1 1 , Hls 120 H 2 .
An Extension of Joukowsky's Method
Some of the results derived by use of integral transforms m also be derived by a much simpler procedure which is an extension of Joukowsky's method. The extension consists of taking into account the longitudinal stresses and longitudinal inertia of the pipe wall. This makes possible the precursor type wav which is essentially a tension wave in the pipe wall.
The following derivation follows the general plan of Joukowsky'a paper (8].
The pressure and axial velocity of the fluid are assumed to be uniform over amy cross-section of the pipe. The fluid is assumed compressiblej its bulk modulus being K. The equation of continuity my then be written in the form t
The equations of motion of the fluid reduce to:
So far, these are the equations usually used. The new element is the use of the equations of motion of the tube considered as an elastic membrame instead of a ring of no mass. These equations are derived from eqs. (5) and (6) by dropping all terms arising from bending stiffness and rotatory inertia and substituting p for q: 
Other Initial Conditions
The integral transform method may be applied to certain other initial conditions beside those assumed in Sections 2 and 3. The problem and results shown in Fig. 6 illustrate a second example. The initial conditions are:
Under these conditions each half of the pipe simulates the water hamer problem in which an established flow is suddenly cut off by an instantaneous valve closure.
Since by symmetry no fluid crosses the plane z -0, each half of the pipe acts as a closed valve as far as the other half is concerned.
The magnitudes and velocities of the waves may also be established on the basis of the simolified procedure of Section 4. In general, this will be the simpler method. It does not predict dispersion, but it may be assumed that the dispersion characteristics are the same in any case.
Conclusions
The theory developed herein shows the following results which are not contained in the usual theory:
1. If the initial conditions specify a sharp wave front of pressure, this "ront will gradually disperse over a finite length as it proceeds. This dispersion continues Indefinitely so that no steady wave shape is ever reached.
2. Two waves will be generated in general; one which is similar to the Joukowsky result and one which is essentially a tension wave in the pipe wall. The pressure change due to this precursor is very small.
0~.
3. AfterAsufficiently long time has elapsed since the generation of a wave there will be one point in each wave front which has a constant deflection and fluid pressure and moves at a constant velocity. This velocity is very close to the Joukowsky velocity for the main pressure wave. For the precursor this velocity is slightly less than the ve.ocity of sound in the pipe wall.
4. The bending stresses in the pipe wall have very little effect on the characteristic velocities and the rates of dispersion after a sufficient time has elapsed. Such stresses can only be significant in the early stages of the motion in regions where the wave front is sharp so that the variation of pressure and deflection is very rapid along the length of the pipe.
5.
The relations between fluid velocity, pressure and hoop stress given by the Joukowsky theory are substantially correct, but there are also longitudinal stresses in the pipe not predicted by the usual theory. 
6.

